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Abstract 

Let {R, ~) be an arbitrary unital associative superalgebra with superinvolution over a 
commutative ring k with 2 invertible. The second homology of the generalized periplectic Lie 
superalgebra Pm{R, ~) for m ^ 3 has been completely determined via an explicit construction 
of its universal central extension. In particular, this second homology could be identified with 
the first Z/2Z-graded dihedral homology of R with certain superinvolution whenever m ^ 5. 
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1 Introduction 

It is well known that the second homology of a Lie (super)algebra g is identified with the kernel 
of its universal central extension, and thus classifies all central extension of g up to isomorphism 
(c.f. [15, 17]). They play crucial rules in the theory of Lie (super)algebras. 

A remarkable work about the second homology of a Lie algebra is the nice connection between 
the second homology of a matrix Lie algebra and the first cyclic homology of its coordinates 
associative algebra established in [10]. Concretely, let A be a unital associative algebra over a 
commutative ring with 2 invertible, one denotes g[„(A) the Lie algebra of all n x n-matrices with 
entries in A under commutator operation and s[„(A) the derived Lie subalgebra of gP(A). It is 
shown in [10] that the second homology H 2 (s[„(A)) with n ^ 2 is isomorphic to the first cyclic 
homology HCi(A). 

Such an isomorphism has been extended to many other classes of Lie (super)algebras. For in¬ 
stance, Y. Gao showed in [6] that the second homology of elementary unitary Lie algebra eu„(i?, ~) 
with n ^ 5 is identified with the first skew-dihedral homology of [R, ~) that is a unital associa¬ 
tive algebra with anti-involution. The super analogue of C. Kassel and J. L. Today’s work was 
obtained in [3, 4]. The isomorphism from the second homology of the Lie superalgebra s[,„|„(S') 
coordinated by a unital associative superalgebra S with m -I- n > 5 to the first Z/2Z-graded cyclic 
homology HCi(S') was established. Recent investigation [2] further gave the identification between 
the second homology of the orthosymplectic Lie superalgebra osp^| 2 „(R, “) with positive integer 
pair (m,n) ^ (1,1) or (2,1) and the first 'Ll2'L-gT:a,(ie skew-dihedral homology of where 

(R, “) is a unital associative superalgebra with superinvolution (see (2.3) for definition). A series 
of deeep investigations on the relationship between the homology theory of Lie algebras and the 
homology theory of associative algebras have been made in [13, 12]. 

Inspired by above developments, we aim to establish an isomorphism that is analogous to C. 
Kassel and J. L. Today’s isomorphism for the generalized periplectic Lie superalgebra pm{R,~) 
coordinatized by a unital associative superalgebra {R,~) with superinvolution. As in Section 2, 
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a generalized periplectic Lie superalgebra is defined as the derived sub-supalgebra of the Lie su¬ 
peralgebra of all skew-symmetric matrices with respect to certain superinvolution. It could be 
understood as a super analogue of a unitary Lie algebra introduced in [1]. This family of Lie su¬ 
peralgebras provides us with a realization of an arbitrary generalized root graded Lie superalgebra 
of type P(m — 1) for m 7 ^ 4 up to central isogeneous (c.f. [5]), which is a complement to the 
realization of a root graded Lie superalgebra of type P{m — 1) given in [14]. 

A primary result of this paper is Theorem 5.5 which states that the second homology of the 
Lie superalgebra prn{R, ~) with to ^ 5 is isomorphic to the first Z/2Z-graded dihedral homology 
of {R, “op), where “ o p is the superinvolution on R obtained by twisting the superinvolution “ 
with the sign map p (see (2.5) in Section 2). In the special case where R is super-commutative, 
the isomorphism indicates that the second homology of pm(lk) ( 8 iik R for a super-commutative 
superalgebra R is trivial, which was obtained by K. lohara and Y. Koga in [7, 8 ]. While the 
isomorphism also reveals that the second homology of pm.{R, ~) is not necessarily trivial if R is 
not super-commutative. 

The methods used in this paper non-suprisingly involve explicitly construction of the universal 
central extension of pm(i?, “), which will be achieved via introducing the notion of Steinberg 
periplectic Lie superalgebra stp^(i?, “) in Section 3. 

The isomorphism between the second homology of pm{R, ~) and the first Z/2Z-graded dihedral 
homology of (i?, “op) fails when to = 3 or 4. Nonetheless, the second homology of p 4 (i?, “) and 
p 3 (i?, “) will also been explicitly computed in Theorems 6.3 and 7.3. 


2 Basics on generalized periplectic Lie superalgebras 


We briefly review the definition of a generalized periplectic Lie superalgebra and prove a few 
properties in this section. 

Throughout the paper, we always assume k is a commutative base ring with 2 invertible. All 
modules, associative superalgebras and Lie superalgebras are assumed to be over k. Let i? be a 
unital associative superalgebra, in which the parity of a G i? is denoted by jaj. Then the associative 
superalgebra Mf„|m(7?) of all 2m x 2TO-matrices is also equipped with a Z/2Z-gradation by setting 


|eii(a)| := |i|-b |j|-b |a|, a e R, 1 ^ f, j ^ 2 to, 


( 2 . 1 ) 


where e-ijifl) is the matrix unit with a at the (i, j)-position and 0 elsewhere. 


\i\ = 


0, if f ^ TO, 
1, if f > TO. 


( 2 . 2 ) 


This makes Mm|m(^) an associative superalgebra. 

We assume in addition that R is equipped with a superinvolution^ ~ : R ^ R that is a k-linear 
map satisfying 

ab = (—and a = a, (2.3) 

for homogeneous a,b G R. This further gives rise to a periplectic superinvolution on the associative 
superalgebra Mm|m(i?) defined by 


fA 

Vc d) 



(2.4) 


where A, B, C, D are to x m-matrices with entries in i?, p : i? —^ i? is the k-linear map defined by 

p(a) = (-l)Ha, (2.5) 

^The superinvolutions on the matrix superalgebra My^|^(Ik) over a field k of characteristic not 2 were classified in 
[16]. A superinvolution on My„|yj(k) may not exist. Whenever it exists, a superinvolution on M^|.^(k) is equivalent 
to either a periplectic superinvolution or an orthosymplectic superinvolution. This motivates us to define the 
periplectic superinvolution on here. 
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for homogeneous a € p(^) denotes the matrix (p(aij)) and A = (aij) for A = (atj). In this 

situation, one defines a Lie superalgebra 

-) := {X G M„|™(i?)|XP’^P = -X}, (2.6) 

with the standard super-commutator as the super-bracket. Its derived Lie sub-superalgebra 

pmiR, ~) ■■= ■), ")] (2.7) 

is called the generalized periplectic Lie superalgebra coordinatized by the associative superalgebra 
{R, ~) with superinvolution. 

As an example, we consider i? = k on which the identity map is a superinvolution. The Lie 
superalgebra pm(k, id) coincides with the simple Lie superalgebra of type Pirn — I) as defined in 
[9]. We simply write pm(Ik) pm(Ik, id). 

If R is super-commutative, there is a natural Lie superalgebra structure on pm(k) R with 
the super-bracket 

[x 0 a, j/ 0 6 ] = (—I)l“ll 2 ^l [a;, y] 0 ab, ( 2 . 8 ) 

for homogeneous x,y € pm(k) and a,b € R. The Lie superalgebra pm(k)0ik7? is actually isomorphic 
to the generalized periplectic Lie superalgebra pm{R,p), where the k-linear map p : R ^ R (2.5) 
is a superinvolution on R when R is super-commutative. 

Before going into the discussion on the properties of generalized periplectic Lie superalgebras, 
we exhibit another example here: 

Example 2.1. Let S be an arbitrary unital associative superalgebra and S'°p denote its opposite 
superalgebra with the multiplication 

a°% = (-I)l“ll''l 6 -a, (2.9) 

for homogeneous a,b € S. Then the k-linear map 

ex: S®S°P ^ S®S°P, a®b^b®a. ( 2 . 10 ) 

is a superinvolution on S (B S°^. In this situation, we have an isomorphism of Lie superalgebras 

p^(5'0 5°P,ex) ^sU|™(S') := [ 0 [„l^(S'), 0 [^l^(S')], to ^ 1 , ( 2 . 11 ) 

where 0(m|m(‘5') is the Lie superalgebra of 2m x 2m-matrices with entrices in S. 

Proof. In fact, the Lie superalgebra pm(<S'©5'°P, ex) is isomorphic to the Lie superalgebra 0 [^|^(S'), 
where an explicit isomorphism 0lm|m('S') Pm(<S' © S'°P,ex) is given as follows: 

Sijia) !->■ eij{a © 0 ) - em+j,m+ii0 © a), 

ei,m+j(a) ei^rn+j{o, © 0) + ej_m+i(0 © p{a)), 

(a) * ^ em+i,j{,e^ © 0) em+j,iill © /^(a)), 

6 m-t- 2 ,m+a (a) ' ^ © u) © em+i,m-\-j{^ ® 0), 

for a G S' and 1 ^ i, j ^ m. Taking their derived Lie sub-superalgebras, we conclude that the Lie 
superalgebra pm(S © S°p, ex) is isomorphic to the Lie superalgebra s[^|„(S). □ 

It is known from [15] that a Lie superalgebra admits a universal central extension if and only 
if it is perfect. In order to discuss the universal central extension of the generalized periplectic Lie 
superalgebra pm{R, ~), we explore the perfectness of pm{R, ”)• We will use the following notation: 


tij (a) 

— (fi) f 

(2.12) 

/y(a) 


(2.13) 

9^J{a) 


(2.14) 


We always denote i?(±) := {a G i?|a = ±p{a)}. 
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Lemma 2.2. For 2, every element of x G pmiR, ) is written as 

m 

X —^ ^^(^ 12 (^ 2 ) tiii^Oi')') ^ ^ 

i—2 
m 

^ ^ ^ (^ 2 , 772 + 2(^0 ^ 772 + 2 , 2 (^ 2 )) F ^ ^ F QijiC’ij^') ^ 

2—1 1 ^ 2 <J^r 72 


(2.15) 


where a, a^, a^, 6^-, Cij € R, bi € R{+) and Ci S ^^(-) are uniquely determined byx. Moreover, such 
an element x is contained in pm(i?, “) = \pmiR, ~),PmiR, ”)] if and only if a G [i?, i?] + R(-) ■ 

Proof. The first statement follows from the definition of prn{R, ~)- We show that x G pm{R, ~) if 
and only if a S [i?, i?] + R{-) ■ 

We observe that each term on the right hand side of (2.15) except tii(a) is a super-commutator 
of two elements in pm(i?, “), i.e., they are contained in pm{R, ~) = \j>miR, ~),PmiR, ”)]■ Hence, 
it suffices to show that tii(a) G pm{R, ~) if and only if a € [i?, R] F R(-)- 
If a € [i?, R], we write a = ^[a', a"] with a', a'f G R, then 


Hi(a) = ^[tii(a'),tii(a")] € p,72(-R, )■ 


While an element a G R{-) satisfies that 


fii(a) + ^22(0) — fii(a) — f22(p(a)) — [/12(a),321(1)] S pm(.Rj )■ 

Combining with ^ 22 ( 0 ) — fii(a) G pm{R, ~) and ^ € k, we conclude that fii(a) G pm(R, ”)■ This 
shows that tii(a) G pm(R,~) if a G [i?, i?] FR(-). 

For the inverse implication, we observe that every element 
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J G pm(R, ) 


[p772(f?; )7pr72(.R; )] 


satisfies Tr(74) G -I- R(-)- Hence, a G [i?, i?] -I- i?(_) if Hi (a) G pm(R, ”)• □ 

Proposition 2.3. Let {R, “) be a unital associative superalgebra with superinvolution and m ^ 2. 
(i) There is an exact sequence of Lie superalgebras 

0 ^ p„(i?, -) ^ Pm{R, -) ^ ^ 0. 


(a) The Lie superalgehra pmiR, ) is generated by Uj^a), fij{a), gij[a) for a G R, 1 ^ i ^ j Gi m. 
(Hi) If 3, then the Lie superalgebra pmiR, ~) is perfect, i.e., 

PmiR, ) = [pr 72 (f?; )lp 272 (.R; )]• 


Proof, (i) We define a surjective k-linear map 

^:P’”(^’”)^ [i?,i?]+i?(_)’ (c ^Tr(H) + ([i?,ii;]+i?(_)). 

By Lemma 2.2, keriy = pmiR, ”)■ Hence, we obtain an exact sequence of k-modules: 

0 ^ P2„(i?, -) -> -prniR, -) ^ ^ 0. 

Note that R/i[R, R] F R{-)) is a super-commutative Lie superalgebra, we obtain that all k~linear 
maps appearing in this exact sequence are homomorphisms of Lie superalgebras. 
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(ii) By Lemma 2.2, it suffices to show tii(a) with a G [i?, i?] + R{-), tii{a) — tii(a) with 

a G R,2 ^ i ^ m, ei^m+iia) with a G R{+), 1 ^ ^ to, and em+i,i(o-) with oGi?, I^j^to can 

be generated by tijib), fij{b) and gij{b) for 6 G i? and 1 ^ i ^ j m. Indeed, 

(^) ; (1)]; ^ (^):/ii (^)]; Q-nd i^') ^ 

where 1 ^ j ^ to is chosen such that i ^ j. Furthermore, for a G [i?, i?] + R{-), we also have 
tn([a',a"]) = [h2ia'),hi{a")] - (-l)l“'ll“"l[ti2(l),i2i(aV)], a',a" G R 

tii{a) = -[ti2(l),t2i(a)] + 2[/i2(l):ff2i(a)], a G R{-)- 

This proves (ii). 

(iii) By (ii), pmiR,~) is generated by tij{a), fij{a), gij{a) with a G R and 1 i ^ j ^ m. We 
shall show that these elements are also contained in [pm(.R, ~), Pm(-R, ”)]■ Note that to ^ 3 , for 
^ ^ i j ^ "nij "we may choose 1 ^ A: ^ to such that i,j, k are distinct. Then the equalities 


tij{a) = [tik{l),tkj{a)], fij{a) = [tik{l), fkj{a)], g^j{a) = [g,k{a),tkj{l)] 

imply that %(a), fij{a), gij{a) G [pm(R, ~),pm{R, “)]■ Hence, pm{R, ~) is perfect for to ^ 3. □ 

Remark 2.4. The Lie superalgebra pi(i?, “) is not necessarily perfect. For instance, if R is super- 
commutative, then 


Vi{R,p) ■■= 


a b 
0 —a 


, 6 ,cGi?>, andpi(i?,p) = 


0 b 
0 0 


a,b,c G R 


The Lie superalgebra pi{R, p) is not perfect since [pi(i?, p), pi(i?, p)] = 0. In general, the condition 
for the perfectness of pi(i?, “) is unknown yet. 

Similarly, the Lie superalgebra p 2 (.R, ~) is also not necessarily perfect. Hence, the existence of 
a universal central extension of pi(i?, “) or p 2 (I?, “) is not ensured. We only consider the second 
homology of pm{R, ~) for to ^ 3. 


3 Steinberg periplectic Lie superalgebras 

In the previous section, we have shown that the Lie superalgebra pm{R, ~) is perfect for m ^ 3. 
The perfectness allows us to further study its universal central extension, whose kernel will finally 
provides us with the second homology of pm{R, ”)■ 

In this section, we will introduce the notion of Steinberg periplectic Lie superalgebra stp^ {R, ~) 
and prove that it is a central extension of pmiR-, ~)- Its universality will be dicussed in the sequent 
sections. 

Definition 3.1. Let {R, “) be a unital associative superalgebra with superinvolution and m ^ 3. 
The Steinberg periplectic Lie superalgebra coordinatized by {R, ~), denoted by sip,„(i?, “), is defined 
to be the abstract Lie superalgebra generated by homogenous elements ty (a ), (a ), gij (a) with 

parity |a|, |a| -I- 1, |a| -I- 1 respectively, for homogeneous a G R and 1 ^ i jtz j Gi m, subjecting to 
the relations: 


tij,{ij,gij are all k-linear. 

for i ^ j. 

(STPOO) 

%(d) = {j^{p{a)), 

for i ^ j. 

(STPOl) 

g*j(d) = -gj,(p(a)). 

for i ^ j, 

(STP02) 

[ty (a),tjfc( 6 )] = tikiab), 

for distinct i,j,k, 

(STP03) 

[ty (a),tfcz(&)] = 0 , 

ioT i ^ j ^ k ^ 1 i, 

(STP04) 
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[tij{a)Jjk{b)] = iik{ab), 

for distinct i,j,k, 

(STP05) 

[ty(a),ffei(6)] = 0, 

iOY i ^ j k ^ 1 ^ j, 

(STP06) 

[g,j{a),tjkib)] = gik{ab), 

for distinct i,j,k, 

(STP07) 

[g^j{a),tki{b)] = 0, 

ioT 1 k ^ j i ^ k, 

(STP08) 

[%(a),ffei(6)] = 0, 

for i 7 ^ j, and k ^ 1, 

(STP09) 

[s^J{a),Skl{b)] = 0, 

for i 7 ^ j, and k ^ 1, 

(STPIO) 

[iij{a),gjk{b)] = Uk{ab), 

for distinct i,j,k, 

(STPll) 

[iij{a),gki{b)] = 0, 

for distinct i,j,k,l, 

(STP12) 


where a,b € R and 1 ^ i,j, k,l ^ m. 

Recall Proposition 2.3 that pm(R, “) is generated by tij{a), fij{a) and gij{a) for a G i? and 
^ ^ i j ^ m- These generators satisfy all relations (STP00)-(STP12). Hence, there is a 
canonical homomorphism of Lie superalgebras: 

tij : stp^{R,^) ^ pm{R,~), ( 3 . 1 ) 

such that'0(tij(a)) = tij(a),'tp(iij(a)) = fij (a) and ip{gij {a)) = (a), which will be demonstrated 

to be a central extension, i.e., the kernel of ip is included in the center of stp^(i?, “). 

It is easy to observe that all diagonal, upper triangular and lower triangular matrices in 
pm{R, ~) form three Lie sub-superalgebras of pm{R, ~), respectively. Their direct sum gives a de¬ 
composition of pm{R, ~). We first show that the Steinberg periplectic Lie superalgebra stp^(R, “) 
also possesses a similar decomposition. 

Lemma 3.2. In the Lie superalgebra sip^(R, the following equalities hold: 

[ty(a),fji(&)] = [tife(a),ffci(6)], and [g^(a), tji(6)] = [gik{a),tki{b)], 
for a,b G R and 1 ^ i, j, fc ^ m with i ^ j, k. 

Proof. We assume i,j, k are distinct and deduce from (STP03), (STP05) and (STP06) that 


[tjfc(a),ffci(&)] = [[ty(a),tjfc(l)],ffci(6)] 

= [[Uj{a),iki{b)],tjk{l)] + [ty(a),[tjfc(l),ffci(&)]] 

= 0-f [ty (a),f,*(&)] 

= [tij(a), fji(6)]. 

Similarly, [g^(a), tji(6)] = [gife(a), tfci(6)] follows from (STP03), (STP07) and (STP08). □ 

Lemma 3.2 permits us to introduce the following well-defined elements of stp^(i?, “): 

fi(a) : = [t.y (l),fjj(a)], for some j i, (3.2) 

gi(a) : = [gy(a),tji(l)], for some j i, (3.3) 

hij{a, b) : = [f^ (a), gji{b)], for i j, (3.4) 

where a,b G R and 1 ^ i, j ^ m. One easily deduce that 

fiia) = f^{p{a)), and g,{d) = -g,{p{a)), (3.5) 

for 1 ^ ^ m and a G R. 

Proposition 3.3. The Lie superalgebra sip^{R,~) is decomposed as a direct sum ofh-modules: 

(!?,") =stp„(R,“)©stp(),(i?,-)©stp+(i?,-), (3.6) 
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where 


“) : = span^{h„(a,6)|a,6 e j s^rn], 

stp+(E, “) : = span^{tij(a),%(a),f/c(a)|a e i?, 1 ^ i, j, fc ^ m and i < j}, 
stPm(-R: ") : = spa%{tij(a),gy (a),g/c(a)|a G i?, 1 ^ i,j, k ^ m and i > j}, 

are all Lie sub-superalgebras of sip^{R,~) and [stp5^(i?, “), stp^(i?, “)] C stPm(-R: )• 

Proof. We first deduce from (STP00)-(STP12) that stp^(i?, “), stp^(i?, “) and stp+(i?, “) are all 
Lie sub-superalgebras of stp^ (i?, “) and 

[stPm(^>"):StPm(^:")] C stp^(E,"). 

Next, we denote g := stp“ (i?, “)-|-stp^(i?, “)-|-stp+(i?, “) and show that stp^(i?, ~) = g. The 
k-module g is invariant under ad(ty (a)), ad(fij(a)), and ad(gy(a)). Note that ty (a), %(«), and 
gij{a) with a G R and 1 ^ z ^ j ^ m generate the Lie superalgebra stp^(i?, “), we obtain that g 
is an ideal of the Lie superalgebra stp„(i?, “). It follows that stp^(i?, “) = g since g contains a 
complete family of generators of stp^(i?, “). 

Finally, we prove that the summation in the decomposition (3.6) is a direct sum. We claim 
that the restriction ^|;\stpl^{R, of the canonical homomorphism (3.1) is injective. Suppose that 
a:+ G stp+(i?, “) satisfying tjj{x'^) = 0. Write 

= 'y ] ty(aij)-p y ^ tijfbij) + ^^fi(ci), 
where a^, 6^, Ci G R. Applying z/j, we obtain 

m 

0 — ^ ^ ^ ^ H” ^ )• 

i—1 

It follows that Uij = bij = 0 for 1 ^ i < j ^ m and q + p{ci) = 0 for z = 1,..., m. Now, 

X~^ = ^ ^ ^ ^ ^ ^ 

since /^(c) = /j(p(c)). Hence, tp\stp^{R,~) is injective. Similarly, '0|stp~ (i?, “) is injective. 

Now, if 0 = a;“ -P a;° -P a;+ for a;° G sip))j(i?, “) and G stp)^(i?, “), then 

0 = '4l{x~) -p '0(®°) + 

in pm(A, “), where tpix~) (resp. fjixP) or iffx'^)) is a lower-triangular (resp. diagonal or upper- 
triangular) matrix. It follows that tp{x~) = ijj{x^) = tjj{x'^) = 0 and yields x~ = a:+ = 0 since 
z/)|stp)^(i?, “) is injective. Hence, the summation (3.6) is a direct sum. □ 

Proposition 3.4. Let (i?, ~) be a unital associative superalgebra with super involution and to ^ 3. 
Then ip : stp^(A, “) —> pm (I?, ~) is a central extension and kerip C stp()^(i?, “). 

Proof. Let x G kerip. We write x = x~ -P a;° -P a;+ with respect to the decomposition (3.6). Then 

0 = lP{x) = 1 p{x~) -P 1 p{x°) + 1 p{x+) G pm(I?, “), 

where ip(x~) (resp. ip(x^) or ip(x^)) is a lower-triangular (resp. diagonal or upper-triangular) 
matrix. Hence, ip{x~) = ip(x^) = ip{x'^) = 0. Recall from the proof of Proposition 3.3 that 
ip\5tp^{R, “) are injective. It follows that x^ = x~ = 0. Hence, x = x° G stp^(i?, “). 
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It remains to show that every element x S keTtp commutes with the generators ty (a), fij(a) 
and gij{a). For x £ ker^, we have 


'iP{[x,Uj{a)]) = tP{[x,f,j{a)]) = pj{[x,g,j{a)]) = 0 . 


Note that x £ kertp C ), it follows from Proposition 3.3 that [a;,ty(a)], [a;,fy (a)] and 

[a;,gij(a)] are all contained in either stp+(i?, “) or stp“(i?, “). Hence, 


[a:,t„(a)] = [xj,j{a)] = [a;,g„(a)] = 0 
since V^|stp^(i?, “) are injective. 


□ 


In the special case where {R, “) = (S' 0 S°P,ex) for a unital associative superalgebra S, Ex¬ 
ample 2.1 implies that the Lie superalgebra pm(S 0 S°p, ex) is isomorphic to s(m|m(S). According 
to Proposition 3.4, a central extension of pm(S 0 S°P,ex) is given by stp^(S 0 S°P,ex), which is 
isomorphic to the Steinberg Lie superalgebra stm|m(5') defined in [4]: 

Proposition 3.5. Let S be an arbitrary unital associative superalgebra and m ^ 3. Then 

stp^(S 0 S°P,ex) ^ st^|m(S) 

as Lie superalgebras over k. 

Proof. The Steinberg Lie superalgebra stm|m(S) as defined in [4] is the abstract Lie superalgebra 
generated by homogeneous elements (a) of degree |i| 0 |jj + |a| for a G i? and 1 ^ i ^ j ^ m + n, 
subjecting to the relations: 

a !->■ eij(a) is k-linear, (STO) 

[eij{a),ejk{b)] = Eikiab), for distinct i,j, fc, (STl) 

[eij{a),eki{b)] = 0, ior i ^ j ^ k ^ I ^ i, (ST2) 

where a,b £ R and 1 ^ i,j,k.,l ^ m + n. 

According to the relations (STP00)-(STP12), there is a homomorphism of Lie superalgebras 
(p : sim|m(S') —stp^(S' 0 ^“P, ex) such that 

• — tjj (a 0 0 ), . — fjj (a 0 0 ), 

® 0)? (^)) • — ^0 ® u), 

(/'(ei,m+z(a)) : = [tij(l 0 0), fji(a 0 0)], (p{em+i,i{a)) : = [gy (a 0 0), tji(l 0 0)], 

for a G 5 and 1 ^ I 7 ^ j < m. It has an inverse (p : stp„(5' 0 ^“p, ex) —st„|m(S') given by 

p(tij(^a 0 6 )) = e.ij{oP) 

^{f iji^ ® ^)) “ (o) 0 (ij,m+i (p(^))i 

®b) = em+i,j{a) - em+j,t{p{h)), 

for a,b £ S and 1 ^ f 7 ^ j ^ m. Hence, we obtain the desired isomorphism. □ 


4 Characterization of the kernel 

We have shown that the canonical epimorphism ip : stp„(i?, “) —>• pm(.R, “) is a central extension. 
This section is devoted to explicitly characterizing the kernel of ip. Here, we need the notion of 
the first Z/2Z-graded dihedral homology ^HD]^(i?, “) for a unital associative superalgebra {R, “) 
with superinvolution. 
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The Z/2Z-graded dihedral homology of {R, ~) is a natrual Z/2Z-graded analogue of the dihe¬ 
dral homology of a unital associative algebra with anti-involution. It can be defined through the 
coinvariant complex of the Hoschild complex under certain action of the dihedral group as in [11]. 
For the use in this paper, we only describe its degree one term here: 

Let I be the k-submodule of i? 0k i? spanned by 

a 0 6 -b (-l)l“ll^l6 0 a, a 0 6 -b a 0 5, and (-l)l“ll°la6 0 c -b (-l)l'’ll“l6c 0 a -b (-l)l^ll'’lca 0 b, 


for homogenous a,b,c G R. Let {R,R) := {R 0k R)/I and (a, 6) = a 0 6 -b /, then the first 
'Zj2Z-graded dihedral homology of {R, is 





'^[ai,bi] 


(4.1) 


Proposition 4.1. Let (R, ) be a unital associative superalgebra with superinvolution, m ^ 3, 
and Ip : ~) — prn{R, ~) the canonical epimorphism (3.1 ). Then 


keri/; = _i_HD^(i?, op) (4.2) 

as h-modules, where p is the h-linear map (2.5) and ~ o p is also a superinvolution on R. 

In order to prove this proposition, we need a few lemmas: 

Lemma 4.2. The elements hy (a, &) = [fy (a), gji(6)] G stp„(i?, “) satisfy 

hH(a, b) - (-l)l“ll^lhii(l, ba) = hik{a, b) - (-l)l“ll''lhifc(l, ba), (4.3) 

ha(l,a) +hij(l,a) - hy (l,a) = hfci(l,a) +hii(l,a) - hfci(l,a). (4.4) 

for homogenous a,b € R and 2 ^ i, j, k,l ^ m with i j and k 1. 

Proof. Observing that the equality (4.3) is trivial when i = k, we assume that 2 ^ i k ^ m. 
hifc(a,6)-(-l)l“ll''lhifc(l,H 
= [fifc(a),gfci(6)] - (-l)l“ll'l[fife(l),gfci(M] 

= -[[fH(a),tfc,(l)],gk.i(6)] + (-l)l“ll'’l[[fH(l),tk-.(l)],gfci(H] 

= -[[fH(a),gfci(^)],tfcz(l)] - [fnW, [tfci(l),gfci(6)]] 

+ (-l)l“ll^l[[fH(l),gfei(6a)],tfe,(l)] + (-l)l“ll'l[fH(l),[tfe.(l),gfei(&a)]] 

= (-l)l“l+l''l[Ofe(a6),tfe,(l)] + [fi,(a),ga(&)] 

- (-l)l“l+l'l[Ok(a&),tfc,(l)] - (-l)l“ll^l[fn(l),g,i(6a)] 

= [fn(a),g.i(6)] - (-l)l“ll"[fH(l),&i(H] 

= hH(a,6)-(-l)l“ll''lhi,(l,&a)- 


It yields the equality (4.3). 

For the equality (4.4), we first consider the case where 2 ^ i k ^ m. We have 


[tii(l),tii(a)] = [[tife(l),tfci(l)],tii(a)] = [tfci(l),tifc(a)] -b [tifc(l), tfci(a)]. 

On the other hand, it follows from ty (a) = [/^^(a),(1)] for distinct i,j, k that 

[tij{a),tji{b)] = hik{a,b) - (-l)l“ll'’lh.ifc(l, 6a). 


(4.5) 


Hence, 

hij(l,a) - hy(l,a) = hfci(l,a) - ha(l,a) + hii(l,a) - hfci(l,a), 
i.e., (4.4) holds when 2 ^ i ^ k ^ m. 

For i = k, the equality (4.4) is reduced to 


hij (l,a) - hy(l,a) = hi;(l,a) - hii(l,a), 

for distinct i,j, I G {2,..., m}, whose both sides are equal to [tii(l), tii(a)] by (4.5). □ 
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Lemma 4.2 ensures that 


A(a, b) := hu{a, b) - ba) S stp„(i?, ") (4.6) 

is independent of 2 ^ i ^ m, and 

^l{a) := ha(l,a) + hij(l,a) - hy (l,a) € stp^{R, ~) (4.7) 

is independent of 2 ^ ^ j ^ m. Moreover, they satisfy the following properties: 

Lemma 4.3. For homogeneous a,b,c G R, we have 

(i) (-l)l“ll^l A(a6, c) + (-l)l^ll“l A(&c, a) + (-1)1^11''! A(ca, b) = 0, 

(ii) A(a, 1) = A(l, b) = 0, 

(Hi) A(a, &) = —(—1)I“II^IA(&, a), 

(iv) ii{a) = -ii{p{a)). 

Proof. We claim that 

A(a,6) = [tij(a),tji(&)] - (-l)l“ll''l[ty(l),tji(6a)], (4.8) 

for a,b G R and j ^ 1. Indeed, we deduce from (4.5) that 

[tij(a),tji(6)] = hife(a, 6) - (-l)l“ll'’lhjfc(l, 6a), 

[tij(l),tji(6a)] = hife(l,6a) - hjfc(l,6a), 

for some k l,j. Hence, (4.8) holds. 

Secondly, (STP03) and the Jacobi identity yield that 

(-l)l“ll=l[t,,(a6),t,,(c)] + (-l)l“ll''l[tfe,(6c),t,fc(a)] + (-l)l'll=l[t,fe(ca), 1^,(6)] = 0, (4.9) 

for distinct i, j, k. 

(i) We deduce from (4.8) and (4.9) that 
(-l)l=ll“lA(a6, c) 

= (-l)l^ll“l[ti,(a6),t,i(c)] - (-l)l^ll^l[ti,(l),t,i(c«6)] 

= (-l)l'=ll“l[ti,(a6),t,i(c)] - (-l)l^ll^l[ti,(l), [t,,(ca),ta(6)]] 

= (-l)l^ll“l[ti,(a6),t,i(c)] + (-1)1^11'='[t,,(ca),t,,(6)] - (-l)l'll=l[tH(ca),ta(6)] 

= -(-l)l“ll''l[ta(6c),tH(a)] - (-l)l'll=l[ti,(ca),ta(6)]. 

On the other hand, we also compute that 

A(a6,c) = [ti,(a6),t,i(c)] - (-l)(l“l+l'l)l=l[ty(1),t,i(ca6)] 

= [ty(a6),t,i(c)] - (-l)(l“l+l'>l)l=l[ty(l), [t,,(c),Oi(a6)]] 

= [tij(a6),tji(c)] + [tii(a6),tH(c)] - [tij(a6),tji(c)]. 

It follows from (4.9) again that 

(-l)l“ll"lA(a6, c) + (-I)l“ll'’lA(6c,a) 

= -(-l)l“ll''l[Oi(6c),tH(a)] - (-I)l'll=l[ti,(ca),Oi(6)] 

- (-I)l''ll'=l[t,i(c«),ti,(6)] - (-I)l^ll“l[ti,(a6),t,i(c)] 

= (-I)l^ll°l([tji(ca),ty (6)] - [tii(ca),tii(6)] - [tji(ca),tij(6)]) 
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This proves (i). 

(ii) A(l, 6) = 0 is obvious. Taking 6 = c = 1 in (i), we obtain 

A(a, 1) + A(l, a) + A(a, 1) = 0 

which implies A(a, 1) = 0 since ^ € Ik and A(l, a) = 0. 

(iii) follows from (i) by taking c = 1. 

(iv) follows from the equality hij(a,b) = —hji(p(a),p(b)). □ 

Lemma 4.4. Every element x € ~) can be written as 

m 

x = ^ X{ai,bi) + pi{c) + dj), (4.10) 

i&Ix i=2 

where Ix is a finite index set, at, bi, c, dj € R for i € Ix and j = 2,..., m. Moreover, 

H{[a, b]) = \{a, b) + A(p(a), p(b)) (4.11) 

for homogeneous a,b € R. 

Proof. Recall that stp))^(i?, “) is spanned by h.y (a, b) for homogeneous a,b G R and 1 ^ i ^ j ^ m. 
It suffices to show that every hy (a, 6) can be written in the form of (4.10). 

We first observe that 

-hii{p{d), p{b)) = hii{a,b) = h{a,b) + (-l)l“ll'’lhii(l, &a) 

for a,b G R and i = 2,... ,m. 

If 2 ^ i 7 ^ j ^ m, then 

hy(a,6) = [fy(a),gj*(6)] 

= [[t*i(l),fij(a)],gjz(&)] 

= [fij(a),gji(&)] + [ta(l),tn(a6)] 

= hij{a,b) + [tii(I),tii(a6)] 

= hi7(a, 6) + hij{l,ab) - hij(I,a&) 

= hij{a,b) - fj,{ab) +hii(l,a6), 

which is of the form (4.10) since h.ij{a,b) and hii(l,a&) have already been of the form (4.10). 
Now, we prove the equality (4.11). For 2 ^ i ^ j ^ m, we have already obtained that 

fi{ab) = h.ij{a,b) + ab) - (a, &) 

= hij{a,b) - (-l)l“ll*'lhii(l,p(6)p(a)) - hy (a,&). 

It follows from Lemma 4.3 that 

= -(-l)'“"'’'R(p(a)p(&)) 

= -(-l)l“ll''l(hH(p(a),p(5)) - (-l)l“ll^lhi,(I,&a) -h,.(p(a),p(&))) 

= -(-l)l“ll''lhH(p(a),p(6)) +hi7(l,6a) - (-I)l“ll'’lhij(a, 6). 

Hence, 

fi{[a, 6]) = fi{ab) - (-I)l“ll''l/x(6a) 
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= hy(a,6)-(-l)l“ll'’lhi,(l,&a) 

+ hH(p(a), p{h)) - (-l)l“ll''lhH(l, p(b)p{a)) 
= \{a,h) + \{p{a), pih)). 


This completes the proof. 

Now, we may proceed to prove Proposition 4.1, 
Proof of Proposition 4-1- Recall (4.1) that 

“ op) = |^(ai,6i) e (R,R) 


□ 


^ [ai,bi] = -'^[p{ai), p{b. 


where (R,R) = {R^ts.R)/I and I is the k-submodule of spanned by a®6+ (—l)l“ll^l6® a, 

a(Sib + p{a)^p(b) and (—l)l“ll‘^la60c+(—l)l^ll“l 6 c®o+(—l)l“ll*'l ca^b for homogeneous a,b,c £ R. 
By Lemmas 4.3 and 4.4, there exists a well-defined k-linear map 

?7 : (i?, i?) —stp„ (R, ), 

(a, b) ^ A(a, b) - i/ 2 ([a, b]) = i(A(a, b) - A(p(a), p(b))). 

We will prove that its restriction on “ o p) is an isomorphism of k-modules onto kertjj. 

We claim that p (_|_HDj(i?, “op)) C ker'0. For J2i{^i^bi) G _|_HDj(i?, “ o p), we have 

[a^,bi\ = -^[p(ai),p(&i)l- 


Hence, 

- Xip{ai),p(bi))) = |E*eii([az,M - [pio-i), p{bi)]) = 0. 
Conversely, let x £ ker-^ C stp^{R, “) (see Proposition 3.4). It follows from Lemma 4.4 that 

m 

x=Y -f fi{c) H-y^hij-(l,dj), 

ie/a, i=2 

where lx is a finite index set, Oi, bt, c, dj £ R iov i £ and j = 2,..., m, and hence, 

m 

0 = iIj{x) = Y eii([ai,&ii) +eii(c(_)) -|-^(eii(dj) - 

1=2 

which implies that dj = 0 for j = 2,..., m and 

Yl^i^H = -C(_) G i?(_). 

Since 4 G k and /x(a) = —pi{p{a)) for homogeneous a £ R, we have 


Kc) = ^m(c(-)) = -IY 




Hence, we conclude that 


a: = X] bi) - -/x([ai, b,])) = Y v{{ai,b,)), 




i^Ix 
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It remains to show the injectivity of rj. Define a k-bilinear map 


by 

a{e,,{a),eki{b)) = 6) 

for homogeneous a,b G R and 1 ^ i,j ^ 2m, where |i| is the parity of i given by (2.2). It is verified 
that a is a 2-cocycle on the Lie superalgebra g[^|j„(i?). 

Now, the restriction of a on pm{R,~) x pjn{R,~) is a 2-cocycle on pm{R,^) C g[^|^(i?). 
Hence, there is a Lie superalgebra structure on pm{R, ~) © {R,R)'. 

[x © c, ?/ © c'] = [x,y] <Si a{x,y), x,y € pm{R,~) and c, c' S {R, R). 

Observing that ty(a) © 0, fij{a) © 0 and gij{a) © 0 € pm{R,~) © {R,R) satisfy all relations 
(STP00)-(STP12), there is a canonical homomorphism of Lie superalgebras 

^ pm{R, )©(i?,i?) 


such that 


cj){tij{a)) =ty(a)©0, cj){fij{a)) = fij{a)®0, (^(gy(a)) =gy(a)©0, 

for a G i? and 1 ^ i ^ j ^ m. We now compute that 

4>{h,j{a,b)) = <()([fy (a),gj,(&)]) = [/ij(a) © 0, 0 0] 

= {fijia),gJ^{b)]®a{f^j{a),gJ^{b)) 

= {tu{ab) - tjj{p{a)p(b))) © {{a,b) - {p{a), p(b))) 

= {tii{ab) - tjj{p{a)p{b))) ©2(a, 6), 


which implies that 

(j){\{a,b)) = (l){hii{a,b) - (-l)l“ll''lhii(l, 6a)) 

= tn([a,6])©(2(a,6)-2(-l)l“ll'l(l,6a)). 


Since (1, a) = —{a, 1) and (a, 1) + (a, 1) + (1, a) = 0, we obtain that (1, a) = 0. Hence, 


Since | G k. 


(l){X{a, b)) = tii{[a, b]) © 2(a, b). 


(t>{v{{a,b))) = ^{(l){\{a,b)) - (j){X{p{a),p{b)))) 

= i(tn([a, 6]) © 2(a, 6)« - tn([p(a), p(6)]) © 2(p(a), p(6))(+)) 
= \{tii{[a,b] - [p{a),pib)]) © ((«,&)(+) - (p(a),p(6))(+))) 

= ^tii{[a,b] - [p(a),p(6)]) ©2(a,6)^’^\ 


which shows that g is injective and completes the proof. 


□ 


5 The universality of the central extension tjj 

It is shown in Section 3 that the canonical homomorphism ijj : stp^(-R, > pmiR, “) is a central 
extension, whose kernel has been explicitly characterized in Section 4. In this section, we will 
prove that the central extension tjj is universal for m ^ 5 and thus obtain a precise description of 
the second homology pm{R, ”)• 

A necessary condition for the universality of ip is the perfectness “), which can be 

easily observed from the defining relations (STP03), (STP05) and (STP07). Next, we proceed to 
prove the universality of ip. 

Let ^ pm (7?, “) be an arbitrary central extension of pm{R, ~) with to ^ 3. For a G R 

and 1 ^ i j ^ TO, we pick 

iij{a) G fij{a) G and gij{a) G 

Obviously, the element [x,y] G £ is independent the choice of the representatives x G (p~^{x) and 
y G for x,y G pm{R,~)- Moreover, we have the following lemma: 

Lemma 5.1. In the Lie superalgebra £, the following equalities hold: 

(i) [f^k{a),gkJ{b)] = [fa{a),gij{b)], 

(ii) [iik{a), fkj (fc)] = [Ui {a)Jij{b)], 

(Hi) [gik{a),ikj{b)] = [gii{a),iij{b)]. 

for a,b G R and distinct i,j, fc, 1. 

Proof, (i) Since [fik{a),tik{l)] + fii{a) G kert/s that is included in the center of £, we deduce 

[h{a),gij{b)] = -[[f^k{a),iik{I)], gij{b)] 

= -[[hk{a),gij{b)],iik{l)] - [fik{a), [iik{l),gij{b)]] 

= 0+ [fik{a),gkj(b)], 

which shows (i). The equalities (ii) and (iii) follows similarly. □ 

According to Lemma 5.1, we define for each pair {i,j) with 1 ^ i j ^ m that: 

iij{a) := [fzk{a),gkj{I)], fij{a) := [Uki^], fkj{a)], and g^j{a) := [gik{a),ikj{l)], (5.1) 
where a G R and I ^ fc ^ to is an arbitrary integer such that k ^ i,j. 

Lemma 5.2. Suppose to ^ 3. Let tij(a), fij{a) and gij{a) be the elements of £ given in (5.1), 
where a G R and I ^ i ^ j Gi m. Then they satisfy all relations (STP00)-(STP12) except (STP04) 
and (STPIO). Moreover, for a,b G R, we have 


[Uk{a),ijk{b)] = 0 , 

[iij{a),ikiib)] = 0, 

[h{a),g^Jib)] = 0 , 

[5*i(a),5jfc(&)] = 0, 

Proof. The k-linearity of tij is obvious since both fik(ca) and cfik{a) are contained in tf~'-{fik{a)) 
for a G i? and c G k. Similarly, we have the k-linearity of fij and gij, which shows (STPOO). 

For (STPOl), we aim to show fij{d) = fji{p{a)) for a G R. Note that to ^ 3, we choose 
1 ^ fc ^ TO such that i,j,k are distinct and set 

h^k = [f^k{l),gk^{l)], (5.2) 


ifi,j,k are distinct, 
if i,j,k, I are distinct, 

if i + j, 

ifi,j,k are distinct. 


(STP04a) 

(STP04b) 

(STPlOa) 

(STPIOb) 
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which is independent of the choice of k and the representatives /ife(l) € tp ^(/ife(l)) and 5 fci(l) G 
Then we compute that 

[h^k,fij{a)] = fkj{a)]] = [[hzk,Uk{l)], fkj{a)] + [itkii),[hik, fkj{a)]]. 

Now, ifiihik) = eu{l) - efcfc(l) - em+^,Tn+^i^) + em+fe,m+fc(l),= iife(l) and (p{fkj{a)) = 
fkjia). Hence, 

[h^k,iiki^)] G <p“^(2fjfc(l)), and [hik,fkjia)] G (p~^{-fkjia)). 

It yields that [hik,fij{a)] = 

Observing that fij{a) = fji{p{a)) hr pm(i?, “), we have fij{a) — fji{p{a)) G ker(/3 which is 
contained in the center of (£. Applying hik^ we obtain that 

0 = [h^kjij{a) - f3t{p{a))] = f^jia) - fjiifia)). 

This shows fij{a) satisfies the relation (STPOl). All other relations can be verified similarly. □ 

Remark 5.3. The relation (STP04) states that 

[ty(a),tfci(6)] = 0, ii i ^ j ^ k ^ I ^ i, 

which is equivalent to (STP04a), (STP04b) and 

[ty (a), tifc(6)] = 0, if i,j, fc are distinct. (STP04c) 

By Lemma 5.2, the elements ty (a)’s in an arbitrary central extension € of prn{R, ~) always satisfy 
(STP04a) and (STP04b), but do not necessarily satisfy (STP04c). Such examples will appear in 
central extensions of p 3 (i?, ~). The similar phenomenon also occurs for the relation (STPIO). 

Proposition 5.4. Let (i?, “) be a unital associative superalgehra with superinvolution and to ^ 5. 
Then ip : stp^(i?, ~) —>■ prn{R, ~) is a universal central extension. 

Proof. Let (/?:£—>• pm(.R, ~) be an arbitrary central extension. Take tij{a), fij(a), gij(a) G 0: for 
a € R and 1 ^ i j ^to as in (5.1). Then we have already known from Lemma 5.2 that they 
satisfy all relations (STP00)-(STP12) except (STP04) and (STPIO). Now, under the additional 
assumption that to ^ 5, we will show that these elements also satisfy (STP04) and (STPIO). 

For (STP04), since (STP04a) and (STP04b) have already been verified in Lemma 5.2, it suffices 
to show 

[iij{a),iik{b)] = 0, if i,j,k are distinct. (STP04c) 

Indeed, we observe that [tij{a),tik{b)] G ker(p. Since to ^ 5, we are allowed to choose 1 ^ Z ^ to 
such that I 7 ^ i,j, k. Applying hij defined in (5.2), we obtain that 

b — [^0 5 (^) ; life (^)]] 

= [[^ij^itji(k)],Uk{b)] + [iij{a),[hij,Uk{b)]] 

— [tij (u), (5)]. 


Then (STP04c) follows. 

For (STPIO), we have obtained (STPlOa) and (STPlOb) in Lemma 5.2. It suffices to show 

[gij{a),gki{b)] = 0, if i,j,k,l are distinct. (STPlOc) 

Since to ^ 5, we are permitted to choose k' such k' i,j,k,l. Hence, 

[h{a):hi{b)] = [9ij{a)d9kk'{b),tk'i{l)]] 

= [fe(a),5fefe'(;^)],4'z(l)] + = 0. 
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This proves (STPIO). 

In summary, we have shown that the elements Uj (a), (a), gij (a) € £ with a G R and 1 ^ i 

j ^ m satisfy all relations (STP00)-(STP12). Hence, there is a homomorphism of Lie superalgebras 

‘P' ■ ^ 'S 


such that 

= Uj{a), = fij{a), i^'(gy(a)) = g^J{a), 

for a G R and 1 ^ i ^ j ^ m, i.e., ip o ip' = 'ip. 

To show the uniqueness of ip'^ we let <p' : stp^{R, ~) —£ be another homomorphism of Lie 
superalgebras such that ip o ip' = ip. Then 

ip'{Uj{a)) G ip-^{Uj{a)), ip'{i^J{a)) G ip-^{fij(a)), and (,5'(gy(a)) e (a)), 

for 1 ^ i ^ j ^ m and homogeneous a G R. Note that 


ty(a) = [tifc(a),tfcj(l)], fy(a) = [t,fc(l), gfcj(a)], and g^j{a) = [g*fc(a), tfc^ (1)], 


for a G R and distinct i,j, k, we deduce that 

ip'{tij{a)) = iij{a), ip'{fij{a)) = fij{a), and (f'{g^j{a)) = gnjia). 


It yields that ip' = p' since stp^(i?, “) is generated by tij(a), (a), g^ (a) with a G R and 
^ PP i ^ j ^ m. Thus, there is a unique homomorphism p' : stp^(i?, “) —>^ £ such that p o p' = ip. 
Therefore, the central extension ip : stp„(i?, “) —>■ pm{R, ~) is universal. □ 


Theorem 5.5. Let (i?, ) he a unital associative superalgebra with superinvolution and m ip 5. 
Then 


H2(p„(E,-)) = +HDi(i?,-op) 


where p is the h-linear map given in (2.5). 


Proof. The second homology of pm{R, ) can be identified with the kernel of its universal central 
extension ip, which has been shown in Proposition 4.1 to be _|_HD2(i?, ~ o p). □ 

Remark 5.6. If R is super-commutative, then one deduce from the definition that id) = 0. 

Hence, 

Il2(pm(k) <8)|k R) = Li.2{pm{R, p)) = +HD^(i?, id) = 0. 

This recovers the results about the second homology of pm(Ik) ®k R given in [8] and [14]. 


In the special case where [R, ) = (S' © S°P,ex) for a unital associative superalgebra S, we 
have 


Corollary 5.7. Let S be an arbitrary unital associative superalgebra and m ip 5. Then 

H2 (s[™|™(S)) ^ +HDi(S © S°P,exo p) ^ HCi(S), 

where HCi(S) is the first ’Ll2’L-graded cyclic homology of S as defined in [4]. 

Proof. By Example 2.1, the Lie superalgebra s[m|m(S) is isomorphic to pm(S © S°P,ex). Theo¬ 
rem 5.5 insures that 


H2(slm|m(S)) = H2(pm(S © S°P,ex)) ^ +HDi(S © S°P,exop), 


for m 5. 

Next, we identify _|_HD^(S © S°P,exo p) with the first Z/2Z-graded cyclic homology HCi(S) 
defined in [4]. In the k-module (S © S°p, S © S°p) defined in (4.1), we have 

(a © 0,0 © 6) =((a © 0)(1 © 0), 0 © 6) + 0 + 0 
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This shows that 


= ((a©0)(l©0),0©6) + ©0)(0©6),a©0) 

+ (-l)l“ll'’l((0©6)(a©0),l©0) 

= 0 . 


(di © 025 ^1 ® ^2) — (oi © 0,61 © 0) + (02 © 0,62 © 0), 


for oi, 02 , 61,62 € S. 

Let Ic be the k-submodule of S generated by o ® & — (—® a and (—© c + 
(—l)l^ll“l 6 c © o + (—© b for homogeneous o, 6, c £ S and {S, S')c = (5' © S)/Ic- Then one 
observes that 

(oi © 02, bi © 62) t—>■ {oi, bi)c + (02, &2)c 


defines an isomorphism {S (B 3°^, S (B 3°^) — >■ {3,3)c- Its restriction on ^.HD^(S'©5°P,exop) gives 
an isomorphism onto 


HCi( 5 ) 


£ (3,3), 


^[oi,6i] = 0 


This completes the proof. 


□ 


Remark 5.8. The above corollary recovers the second homology of s[m|m(5') for m ^ 5 obtained 
in [4]. As a byproduct, we obtain the isomorphism 


+HDi(S'© 5 °P,exop) ^ HCi(S'), 

which indicates that the first Z/2Z-graded cyclic homology can be regarded as a special case of the 
first Z/2Z-graded dihedral homology. However, it is unknown yet whether such an isomorphism 
exists for higher degree cyclic homology and higher degree dihedral homology. 


6 The second homology of p 4 {R, ) 

The second homology of pmiR,~) for to ^ 5 have been explicitly characterized in the previous 
section. However, the central extension ip : sip4(i?, “) ^ p4(i?, “) is not necessarily universal. 
This section is devoted to explicitly constructing a universal central extension of sip4(i?, “), which 
can be accomplished by creating a 2-cocycle on stp4 (i?, “). 

Such a 2-cocycle takes values in the k-module • R), where i?(_) • R is the right ideal 

of R generated by a — p{a) for a G R. In fact, the k-module R/{R{-) • i?) is a super-commutative 
k-superalgebra since [i?, R]-RC • R. We denote tt : i? • R) the canonical quotient 

map of k-modules. It satisfies 


Tv{ab) = Tv{p{a)b), a,b G R. (6-1) 

Similar to Proposition 3.3, sip4(i?, “) is decomposed as a direct sum of Lie sub-superalgebras: 

stp 4 (i?, “) = a© b 


where 


a : = spa.n^{hij{a,b),tij{a),fi{a),fij{a)\a,b £ i?, 1 ^ i ^ j ^ 4}, 
b : = span,,{g*(a),g„(a)|a £ E, 1 < i j ^ 4}. 

Then, we define a k-linear map /Iq : b x b — >• R/{R(^_'j ■ R) by 

|3o{g^j{a),gkl{b)) = e{ijkl)'K{a ■ p{b)), 

/3o(g*(a),b) = /3o(b,g*(a)) = 0, 
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for a, 6 € i?, 1 ^ ^ j ^ 4 and 1 ^ k ^ I ^ 4, where e(ijkl) denotes the sign of the permutation 

(ijkl) if (ijkl) is a permutation of {1, 2, 3,4} and denotes 0 if (ijkl) is not a permutation. Such a 
k-linear map /3o is well-defined since gij(a) = —gji(p(a)) while 7r(ab) = 7r{p(a)b). 

Furthermore, the k-bilinear map /3o : & x b ^ • R) is extended to a k-bilinear map 

P : Sip4(i?, “) X Stp4(i?, “) ->■ i?/(i?(_) • R) 

such that a lies in the radical of /3, i.e., 

/3(a,sip4(i?,“)) =^(stp4(i?, "),a) = 0. 

Now, we can show that: 

Lemma 6.1. The h-bilinear map P is a 2-cocycle on stp4(i?, “) with values in • R). 

Proof. We have to show P satisfies 

P{y,x) =-{-l)\=^\\y\p{x,y), (6.2) 

{-l)\^\\^\p{[x,z\,y) + -f a;], y) = 0, (6.3) 

for homogeneous x,y,z € stp4(i?, “). 

For (6.2), it suffices to show 

P{gij{a),gki{b)) = -(-l)(^+l“l)(^+l^l^/3(gfc/(6),gi4(a)), 

for homogeneous a,b € R, i ^ j and k ^ 1. Note that 7r(a&) = (—l)l“ll^l7r(&a), we deduce that 
P{g,j{a),gki{b)) = €{ijkl)TT{a ■ p{b)) = e(/cZfj)(-l)'“"^'^(/o(^) ’ «) 

= {-lp'^'P{gki{p{b)),gM<^))) 

= -{-l)(^+\-m+\>^\)p(g,Pb),g,,{a)). 

Next, we show (6.3). Observing that a is a Lie sub-superalgebra of stp4(i?, “) included in the 
radical of P and [b,b] = 0, we deduce that P{[x,y],z) = P{[y,z\,x) = P{[z,x\,y) = 0 if {x,y,z) is 
contained in one of the subspaces axaxa, axaxb, bxbxb. Note also that (6.3) is symmtric 
with respect to all permutations on {x,y,z}, the proof is reduced to verify (6.3) for x € a and 
y,z G b. In this situation, [y, z] = 0 and (6.3) is equivalent to 

Pily,x],z) = (-l)l"ll^l+l«ll^l+l^ll"l/3([z,x],y) (6.4) 

If X = fij{a) OT X = fi{a), then [x, b] C a is included in the radical of p. It yields that both 
sides of (6.4) are zero, and hence, we may assume that x = hij(a) or x = tij{a). In this situation, 
it is also obvious that both sides of (6.4) are zero if y = fl'i(a) or z = 9^(0). Now, it remains to 
verify the following two equalities 

P{[Stj{a),trs{c)],gki{b)) = -(-l)(l“l+l^l)(^+l‘=l)+l“ll^l/?([gfcz(b),t„(c)],gy(a)), (6.5) 

/3([gy(a),h^^(c,c')],gfci(b)) = -(-l)(l“l+l'’l^(^+l'=l+l'='l^+l“ll'’l/3([gfci(&), h^s(c, c')], gy(a)), (6.6) 

for homogeneous a, b, c,c' G R and i ^ j, k ^ I and r ^ s. 

For (6.5), we compute that 

|3{[g^Jia),trsic)lg^l{b)) = SjrPigiMc),gkiib)) - b^rP{.gjs{p{b)c),gkl{b)) 

= 5jr^{iskl)'K{acp{b)) — Sire{j skl)Tv{p{a)cp{b)) 

= {Sjre{iskl) — Sire{j skl))7r(acp{b)). 

Then, (6.5) follows from the facts that n{abc) = (—l)l“ll^l+l^ll‘=l+l'=ll“l7r(c&a) and 

5jre(iskl) — 6ire{jskl) = 6ire{ksij) — 5krc{lsij) 

for all 1 ^ i,j, k,l ^ 4. The equality (6.6) follows similarly. □ 
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The 2-cocycle (3 : stp 4 (i?, ) x stp 4 (i?, ) —?► ■ R) gives rise to a new Lie superalgebra 

Stp 4 (i?, ) := Stp 4 (i?, ) © (-R/(-R(_) • i?)), 

under the super-bracket 

[x®c,y®c] := [x, y] © /3{x, y) 

for x,y € stp 4 (i?, “) and c, c' € ■ R), which is a central extension with the canonical 

projection '04 : sip 4 (i?, “) sip 4 (i?, “). Furthermore, we may show that 

Proposition 6 . 2 . Let {R,~) be a unital associative superalgebra with superinvolution. Then the 
central extension ip' : sip 4 (i?, “) stp 4 (i?, ~) is universal. 

Proof. We have already known from Proposition 3.4 that ip : sip 4 (i?, “) p 4 (i?, “) is a central 

extension. Hence, ip o ip’ : sip 4 (i?, “) —p 4 (i?, “) is a central extension. It suffices to show that 
Ip o Ip' is universal. 

Let (fi : ^ p 4 (i?, ~) be an arbitrary central extension of p 4 (i?, “). We also take hjia), 

fij{a) and gij{a) € € as in (5.1). By Lemma 5.2, these elements satisfy (STP00)-(STP12) except 
(STP04) and (STPIO). While the same argument as in Theorem 5.4 also shows that (STP04) 
holds. 

For a € R, we define 

7r(a) := [ 512 ( 0 ), 534 ( 1 )] € €, 

which is contained in the center of 2: since (p( 7 r(a)) = 0 . We next prove that 7 r(i?(_) • i?) = 0. 

Let a, b G R he homogenous. We compute that 

7 r(ab) = [512(06), 534(1)] = [[513(0),^32(6)],534(1)] 

= [513(0), [^32(6), 534(1)]] = -[513(0),524(6)] 

= -[[514(1), ^43(0)],524(6)] = -[514(1), [643(0), 524(6)]] 

= (-l)l“l(i+l^l)[ 544 (l), 323 ( 60 )] = (-l)l“l(i+l^l)[ 344 (l), [ 321 ( 60 ), 6i3(1)]] 

= (- 1 )I“I('+I'’IH- 1 )'+'“'+'"[ 52 i(M, [514(1),H 3 ( 1 )]] = -(-1)I''I+I“II''I[32i(6o),534(1)] 

= (-l)l“l [342(06),334(1)] = (-l)'“'fl(d6). 

It follows that (o — (— l)l“ld)6 G kerir for homogeneous a,b G R. Hence, ■ 7 r(i?(_) ■ R) = 0. We 
obtain a k-linear map 

i?/(i?(_) • R) —>■ kerip, 7r(a) >->■ 7 f(a). 

Since 7 f(o) = [ 512 ( 0 ), 534 ( 1 )] and TT{ab) = Tr{p{a)b), we deduce that 

[9^3{a),9kl{b)] = e{ijkl)n{a ■ 3(6)), 

for distinct i,j,k,l. Combining with (STPlOa) and (STPlOb), we have 

[5ii(o),5fe;(^)] = e{ijkl)Tt{a ■ p{b)), 


for i ^ j and k ^ 1. 

Hence, there is a homomorphism p' : stp4(i?, “)—?►£ such that 

ip'(tij{a)® 0 ) = iij{a), ® 0 ) = (^'(gy (o) © 0) = 314(0), (^'(0 ©-^-(0)) = 7r(o), 

where a G R and 1 ^ i 7^ j ^ 4, i.e., ip o ip' = ip o ip' . The uniqueness of p' follows from a similar 
argument as the proof of Proposition 5.4. Hence, we conclude that ip o ip' : stp4(i?, “) —)> p 4 {R, ”) 
is a universal central extension. □ 

Using Propositions 3.4 and 6.2, we conclude that 
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Theorem 6.3. Let (i?, ) he a unital associative superalgebra with superinvolution. Then 

H2(p4(i?, -)) = -op)© • R). □ 

Remark 6.4. If R is super-commutative, then R{-) = 0. In this situation, 

H2(p4(k) ®ik R) = H2(p4(i?, p)) = +HD;^(i?,id) © i? = i?, 

which recovers the second homology of p4(k) ©t R obtained in [8]. 

In the special case where {R,~) = (S' 0 S°P,ex), Theorem 6.3 recovers the result about the 
universal central extension of sl4|4(S) given in [4]. 

Corollary 6.5. Let S be an arbitrary unital associative superalgebra. Then 

H2(s[ 4|4(S)) =HCi(S). 

Proof. Recall from Example 2.1 that the Lie superalgebra s[4|4(S) is isomorphic to p4(S©S°P,ex). 
Hence, 


H2(s[ 4|4(S)) ^H2(p4(S©S°P,ex)) ^+HDi(S©S°P,exop)©R/(R(_) .R), 

where {R,~) = (S © S°P,ex). Now, R(-) contains a unit element 1 © (—1), which yields that 
i?/(i?(_) ■ R) = 0. Hence, 

H2 (s[ 4|4(S)) ^ +HDi(S © S°P, ex o p) ^ HCi(S), 

where the last isomorphism follows from Corollary 5.7. □ 

7 The second homology of p 3 (R, ~) 

Analogous to Section 6, we will calculate the second homology of p3(R, ~) via explicitly creating 
the universal central extension of stp3(i?, “). This will be accomplished by introducing a 2-cocycle 
on stp3(i?, -) with values in the k-module: 

R R R 

^ ■“ + R ® 3R + i?(_) • R ® 3R + R(_) ■ R’ 

where R(-) ■ R is the right-ideal of R generated by a — p(a) for a € R. 

Let 7ri(a),i = 1,2,3 denote the canonical image of a in one of the three direct summands, 
respectively. For distinct i, j, k, we will also use e{ijk) to denote the sign of the permutation {ijk). 
Recall from Lemma 3.3 that stp3(i?, “) is spanned as a k-module by 

:= {hy(a, 6),ty (a),fy (a),gy (a),ffc(a),gfc(a)|a, 6 S R, 1 ^ i, j, fc < 3 with ij^j}. 

We define a k-bilinear map : stp3(R, “) x stp3(R, “) —>■ 3 as follows: 

/3(ty (a),tifc(6)) = e{ijk)'Ki{ab), 

P{i^{a),gjk{b)) = -(-l)(i+l“l)(i+l^l)/3(gjfc(&),f*(a)) = e{ijk)n,{ab), 

where a,b G R are homogeneous and {i,j,k} = {1,2,3}. For other pairs {x,y) G x 25, we set 
P{x, y) = 0. The k-blinear map /? is well-defined since 

fi(a) = fz(p(a)), Uj{a) = fj*(p(a)), g*(a) = -g*(p(a)), gy(a) = -gj*(p(a)), 

while TTi(ab) = TZi{p(a)b). 

Lemma 7.1. The h-hilinear map ft is a 2-cocycle on stp3(i?, “) with values in 3. 
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Proof. Since [i?, i?] • R C i?(_) • R implies that 'Ki{ab) = (—the k-bilinear map /? 

C Q "i"! Cm mo 

^(x,y) = -(-l)l“ll^l/3(y,a;), (7.1) 

for homogeneous elements x,y € stp 3 (i?, “). It suffices to show 

J(x,2/,z) := (-1)I“II^I/3 ([x,2/],z) + f5{[z,xly) = 0, (7.2) 

for x,y,z S sip^{R,~). Since (7.2) is symmetric under all permutations of {x,y,z}, we may 
assume /3([a;, y], z) ^ 0, which only occurs when z = tik(a), z = gjk(a), or z = fi(a). 

If z = tife(a) for a G R and 1 ^ ^ 3, we pick j to be the unique element of {1,2,3} 

such that {i,j,k} = {1,2,3}. Then we directly verifed that J{x,y,z) = 0 for all possible choices 
of (a;, y) S *B X 05 such that f3{[x, y],z) ^ 0. The pair {x, y) might be one of the following pairs 

(hij(a,a'),ty(6)), (hife(a,a'),ty(6)), (tife(a),tfej(6)), (f*fc(a),gfej(6)), (f*(a),gy (6)), (fy (a),gj(6)), 

for homogeneous a, a', b G R. Similarly, J(a;, y, z) = 0 when z = gjfc(a) or z = fi(a). □ 


The 2-cocycle (3 : stp 3 (i?, ) x stp 3 (i?, ) —3 determines a centeral extension 

V^ 3 -®tp 3 (i?, ) © 3 —)• stp 3 (i?, ), 

where is the canonical projection and the super-bracket on slp 3 (i?, “) © 3 is given by 

[x © c,y © c'] = [x,y] ©/ 3 (x,y), x, y G stp3(i?, "), andc,c'G3. 

Proposition 7.2. The central extension : stp 3 (i?, “) © 3 —>■ stp 3 (i?, ~) is universal. 

Proof. It suffices to show the central extension tp o ip'^ : stp^{R, “) © 3 —p 3 ( 7 ?, “) is universal. 

Let p 3 (i?, “) be an arbitrary central extension of p 3 (i?, “). Pick elements (a), fij{a), 

gij{a) G € with a G R and 1 ^ * 7 ^ j ^ 3 as in (5.1). By Lemma 5.2, they satisfying all relations 
(STPOO)-(STPll) except (STP04) and (STPIO). Moreover, since m = 3, there are no four distinct 
indices 1 ^ i,j,k,l Gi 3. Hence, (STPlOa) and (STPlOb) imply (STPIO). 

For i G {1, 2, 3}, there are unique j and k such that (i, j, k) is an even permutation of {1, 2, 3}. 
We define 

7 fi(a) := [iij{l),tikia)] G kery?, (7.3) 

for i = 1, 2,3 and a G R. 

We next show that 7 fi( 3 i? + R{-) • i?) = 0 for i = 1,2,3. First, we take hij = [/y (1),yji(l)] 
and deduce that 


0 = [hij,Tri{a)] 

- [h-ij , [tij (1), t2/j;(n)]] 

= 2[iij{l),Uk{a)] + [iij{l),iik{a)] 

= 7ri(3a), 

where a G R and {i,j, k} = {1, 2,3} are chosen as in (7.3). It follows that TTi{3R) = 0. 

Now, we claim that Tti{ab) = {—\)^°‘^Tti{ab) for i = 1,2,3 and homogeneous a,b G R. Indeed, 
for i G {1, 2, 3}, we may pick y, k as in (7.3). Then 

7fj(a6) = [iij{l),iikiab)] 

= Jij(a)], gjk{b)] + [fij{a), [kjil),gjk{b)]] 
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Since [iij(l), /ji(a)] = [iife(l), /fcj(a)] + c for some c € kerip, we further deduce that 
7ri(a6) = (-l)'“'[[tife(l),/fci(a)],3jfc(&)] 

= + ^ (-l)l“l[t-,(l), [/,,(«), g,,(6)]] 

= 0 - (-1)1^1 [tifc(l),tij(a6)] 

= (-l)l^l7ri(a&). 

It follows that 7ri(6) = (—l)l^l7r®(6) and 

Therefore, we conclude that 7ri(3i? + i?(_) • i?) = 0 for i = 1, 2,3. 

Next, we show that (a), tifc(6)] = e{ijk)TTi{ab) for {i,j,k} = {1,2,3}. We first assume that 
the permutation taking 1 to i, 2 to j, and 3 to fc has positive sign. Then 


[iij{a),iik(b)] — [iij{a),[iij{l),ijk{b)]] 

= [[iij{a),iij{l)],ij/.{b)] + [iij{l), [iij{ci),ijk{b)]] 
= [Uj{l),Ukiab)] 

= ^iiab). 


If the permutation (ijk) has negative sign, then {ikj) has positive sign. We have 


[iij{a),iik{b)] = -(-l)l“ll^l[fifc(&),fy(a)] = -(-l)l“ll^l7ri(&a) = -7ri(a&). 


Hence, we conclude that [tij{a),tik(b)] = e{ijk)TTi(ab). 

Therefore, there is a homomorphism of Lie superalgebras 

ip' : stp3(i?, ) —>■ £ 


such that 

p'{Uj{a)) = Uj{a), (a)) = /^(a), (^'(gy(a)) = ~g^J{a), 

for 1 ^ i 7 ^ j ^ 3 and a G R. Hence, p o p' = tp o tp' . The uniqueness of p>' follows from the same 
argument as in the proof of Proposition 5.4. □ 


Now, we conclude from Propositions 3.4 and 7.2 that: 

Theorem 7.3. Let {R,~) be a unital associative superalgebra with superinvolution. Then 

R R R 


H2(p3(i?,"))=+HDi(i?,-op), 


3i? + R(-) • R 3i? + R(-) ■ R HR + i?c_i • R 


□ 


(-) • 


H-) • - 


Remark 7.4. If R is super-commutative, then p 3 (i?, p) = p 3 (k) (g)|k i?, +HD 2 (i?, p o p) = 0 and 
R{-) = 0. Hence, 

H2(p3(k) R) = (R/HR) © (R/HR) © (i?/3i?), 

which equals 0 whenever 3 is invertible in R. When k is a field of characteristic zero, this coincides 
with the second homology group of p 3 (k) ©k R given in [8]. 
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In the special case where {R, ) = (S' © S°P,ex), Theorem 7.3 recovers the second homology of 
sl 3 | 3 (S) obtained in [4]. 

Corollary 7.5. Let S be an arbitrary unital associative superalgebra. Then 

H2(5l3|3(^))=HCi(S). 

Proof. It is known from Example 2.1 that sl 3 | 3 (S) is isomorphic to p 3 (S © S°P,ex). On the other 
hand, 3 = 0 since 1 © (—1) is invertible and is contained in the right-ideal of S © S°p generated by 
(S©S°P)(_). Hence, H 2 (s[ 3 | 3 (S)) ^+HD 3 (S © S°p, ex) ^ HCi(S). □ 


Acknowledgements 

The authors thank Prof. Yun Gao and Prof. Hongjia Chen for useful suggestions. Zhihua Chang 
was supported by the National Natural Science Foundation of China (Grant No. 11501213), the 
China Postdoctoral Science Foundation (Grant No. 2015M570705) and the Fundamental Research 
Funds for the Central Universities (Grant No. 2015ZM085). Yongjie Wang was supported by the 
China Postdoctoral Science Foundation (Grant No. 2015M571928) and the Fundamental Research 
Funds for the Central Universities. 


References 

[1] B. N. Allison and J. R. Faulkner, Nonassociative coefficient algebras for Steinberg unitary 
Lie algebras, J. Algebra 161 (1993) 1-19. 

[2] Z. Chang and Y. Wang, Central extensions of generalized orthosymplectic Lie superalgebras. 
Science China. Mathematics^ doi:10.1007/sll425-015-0693-0, (2016). 

[3] H. Chen and N. Guay, Central extensions of matrix Lie superalgebras over Z/2Z-graded 
algebras, Algebr. Represent. Theory 16 (2013) 591-604. 

[4] H. Chen and J. Sun, Universal central extensions of sl,„|n over Z/2Z-graded algebras, J. Pure 
Appl. Algebra 219 (2015) 4278-4294. 

[5] J. Cheng and Y. Gao, Generalized P(A^)-graded Lie super algebras, preprint, (2015). 

[6] Y. Gao, Steinberg unitary Lie algebras and skew-dihedral homology, J. Algebra 179 (1996) 
261-304. 

[7] K. lohara and Y. Koga, Central extensions of Lie superalgebras. Comment. Math. Helv. 76 
(2001) 110-154. 

[8] K. lohara and Y. Koga, Second homology of Lie superalgebras. Math. Naehr. 278 (2005) 
1041-1053. 

[9] V. G. Kac, Lie superalgebras, Adv. Math. 26 (1977) 8-96. 

[10] C. Kassel and J. L. Loday, Extensions centrales d’algebres de Lie, Ann. Inst. Fourier (Creno- 
ble) 32 (1982) 119-142. 

[11] J. L. Loday, Cyclic homology, Springer-Verlag, Berlin, 1998. 

[12] J. L. Loday and C. Procesi, Homology of symplectic and orthogonal algebras, Adv. in Math. 
69 (1988), 93-108. 

[13] J. L. Loday and D. Quillen, Cyclic homology and the Lie algebra homology of matrices. 
Comment. Math. Helvetici 59 (1984), 565-591. 


23 


[14] C. Martinez and E. 1. Zelmanov, Lie superalgebras graded by P{n) and Q{n), Proc. Natl. 
Acad. Sci. USA. 100 (2003) 8130-8137. 

[15] E. Neher, An introduction to universal central extensions of Lie snperalgebras, in Groups, 
rings, Lie and Hopf algebras, 141-166, Math. AppL, 555, Kluwer Acad. Pnbl., Dordrecht, 
(2003). 

[16] M. L. Racine, Primitive snperalgebras with snperinvolntion, J. Algebra206 (1998), 588-614. 

[17] M. Scheunert and R. B. Zhang, Cohomology of Lie snperalgebras and their generalizations, 
J. Math. Phys. 39 (1998) 5024-5061. 


24 


